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Abstract 

We prove new global Holder-logarithmic stability estimates for the 
near-field inverse scattering problem in dimension d > 3. Our estimates 
are given in uniform norm for coefficient difference and related stability 
efficiently increases with increasing energy and/or coefficient regularity. In 
addition, a global logarithmic stability estimate for this inverse problem 
in dimension d — 2 is also given. 



1 Introduction 

We consider the Schrodinger equation 

Li/> = Eip, L = -A + v(x), x€R d , d>2, (1.1) 

where 



(1.2) 



v is real- valued, v G L°°(R d ), 
v(x) = 0(\x\~ d ~ e ), \x\ -> 00) for some e > 0. 
We consider the resolvent R(E) of the Schrodinger operator L in L 2 (M d ): 

R(E) = (L-E)-\ EeC\a(L), (1.3) 

where <j(L) is the spectrum of L in L 2 (K d ). We assume that R(x, y, E) denotes 
the Schwartz kernel of R(E) as of an integral operator. We consider also 

R + {x,y,E) = R{x 7 y,E -HO), x,yeR d 7 E € M + . (1.4) 

We recall that in the framework of equation (jl.ll) the function R + (x,y,E) de- 
scribes scattering of the spherical waves 



R+(x t y,E) = -U—^ f H^(VE\x-y\), (1.5) 




generated by a source at y (where is the Hankel function of the first kind 
of order //). We recall also that R + (x,y,E) is the Green function for L — E, 
E € R+, with the Sommerfeld radiation condition at infinity. 
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In addition, the function 



S+(x, y, E) = R+(x, y, E) - R+(x, y, E), 
x,ye dB r , £eM + , re R+, 



(1.6) 



is considered as near- field scattering data for equation (11.11) . where B r is the 
open ball of radius r centered at 0. 

We consider, in particular, the following near-field inverse scattering problem 
for equation (II. 1[) : 

Problem 1.1. Given S + on dB r x dB r for some fixed r,E £ R + , find v on B r . 

This problem can be considered under the assumption that v is a priori 
known on R d \ B r . Actually, in the present paper we consider Problem 1.1 
under the assumption that v = on R d \ B r for some fixed r e R + . Below in 
this paper we always assume that this additional condition is fulfilled. 

It is well-known that the near- field scattering data of Problem 1.1 uniquely 
and efficiently determine the scattering amplitude / for equation (jl.ip at fixed 
energy E, see @]. Therefore, approaches of [2], 0, [7J, [pj, [13], Q3], [23], [23], 
[26] , [27] . [56] can be applied to Problem 1.1 via this reduction. 

In addition, it is also known that the near- field data of Problem 1.1 uniquely 
determine the Dirichlct-to-Neumann map in the case when E is not a Dirichlct 
eigenvalue for operator L in B r , see [22], [23]. Therefore, approaches of pQ, [6], 
US], BE], EQ, [23J, [23J- [33J, [37J can be also applied to Problem 1.1 via this 
reduction. 

However, in some case it is much more optimal to deal with Problem 1.1 
directly, see, for example, logarithmic stability results of [T2] for Problem 1.1 
in dimension d = 3. A principal improvement of estimates of [12j was given 
recently in |17) : stability of 17 efficiently increases with increasing regularity 
of v. 

Problem 1.1 can be also considered as an example of ill-posed problem: 
see [2D], [5] for an introduction to this theory. 

In the present paper we continue studies of [12], [17]. We give new global 
Holder- logarithmic stability estimates for Problem 1.1 in dimension d > 3, see 
Theorem 2.1. Our estimates are given in uniform norm for coefficient difference 
and related stability efficiently increases with increasing energy and/or coeffi- 
cient regularity. Results of such a type for the Gel'fand inverse problem were 
obtained recently in [16] for d > 3 and in [35] for d = 2. 

In addition, we give also global logarithmic stability estimates for Problem 
1.1 in dimension d — 2, see Theorem 2.2. 

2 Stability estimates 

We recall that if v satisfies (jl.2|) and suppu C B ri for some r\ > 0, then 



where S + (E) is the near- field scattering data of v for equation (II. ip with E > 0, 
for more details see, for example, Section 2 of [12] . 
2. 1 Estimates for d>3 



S + (E) is bounded in L, 2 (dB r x dB r ) for any r > r%, 



(2.1) 
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In this subsection we assume for simplicity that 



v € W m,1 (R d ) for some m > d, 



v is real- valued, 
suppw C B ri for some r\ > 0, 



(2.2) 



where 



W m4 (M d ) = {v : d 



v e L 1 ^), \J\ < m}, roeNU 0, 



(2.3) 



where 



d 



J e (N U 0) d , \J\ = Ji, d J v{x) 



dx^ 1 . . . dx\ 



d 



(2.4) 



Let 



w||m,i = max \\d v\\ h i^dy 



(2.5) 



Note that 422]) => ([Ojl . 

Theorem 2.1. Let E > and r > r\ be given constants. Let dimension 
d > 3 and potentials v\, Vi satisfy (|2.2D . Let ||vj|| m ,i < N, j — 1,2, for some 
N > 0. Let 5^ (£) and S^-E) denote the near-field scattering data for v\ and 
V2, respectively. Then for r 6 (0, 1) and any s <E [0,8*] the following estimate 
holds: 

\\v 2 -vi\\L^(B r )<C 1 (l + E)h T + C 2 (l + E) £ ^ 1 (In (3 + <T 1 )p, (2.6) 

where s* = ^-j^ , S = \\S^(E) — (E)\\i2(dB r y.dB r ), o,nd constants C\,C 2 > 
depend only on N, m, d, r, r . 

Proof of Theorem 12.11 is given in Section 5. This proof is based on results 
presented in Sections 3, 4. 

2.2 Estimates for d = 2 

In this subsection we assume for simplicity that 



Note also that ([2~7]l =>■ ([L"2"|l . 

Theorem 2.2. Let E > and r > n be given constants. Let dimension d = 2 
and potentials V\, v 2 satisfy (12.71) . Let \\vj\\c 2 (B r ) < N, j = 1,2, for some 
N > 0. Let Sf(E) and S£(E) denote the near-field scattering data for v\ and 
V2, respectively. Then 



vi-v 2 \\ L ^ (BT) <C s {\n{i + 8- 1 )) 3/4 (In (3 In (3 + J- 1 ))) 2 , (2.8) 



where 8 = \\S^{E) — ^(£7)||L 2 (as,.xas r ) and constant C3 > depends only on 
N, m, r. 

Proof of Theorem 12.21 is given in Section 7. This proof is based on results 
presented in Sections 3, 6. 
2.3 Concluding remarks 



v is real- valued, v £ C 2 (B ri ), 
suppi; C B ri for some r\ > 0. 



(2.7) 
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Remark 2.1. The logarithmic stability estimates for Problem 1.1 of [H] and 
[T7] follow from estimate (|2.6I) for d = 3 and s = s*. Apparently, using the 
methods of [55], [3U] it is possible to improve estimate (|2.6p for s* = m — <i. 

Remark 2.2. In the same way as in [13] and [T7] for dimesnsion e? = 3, using 
estimates (|2.6[) and (|2.8p , one can obtain logarithmic stability estimates for the 
reconstruction of a potential v from the inverse scattering amplitude / for any 
d > 2. 

Remark 2.3. Actually, in the proof of Theorem 2.1 we obtain the following 
estimate (see formula (|5.20|> ): 

\\vi-v 2 \\ L oo (Br) < C 4 (l + E) 2 \J E + p 2 e^+^S + C 5 (E + p 2 )-'^ , ( 2 .9) 

where constants C4, C5 > depend only on TV, m, d, r and the parameter p > 
is such that E + p 2 is sufficiently large: E + p 2 > Cq (N, r, m) . Estimate of 
Theorem 2.1 follows from estimate (12.9[) . 



3 Alessandrini-type identity for near-field scat- 
tering 



In this section we always assume that assumptions of Theorems 12.11 and 12 . 2 1 are 
fulfilled (in the cases of dimension d > 3 and d = 2, respectively). 
Consider the operators Rj, 3 = 1,2, defined as follows 



(R^)(x) 



Rf(x,y,E)<j>(y)dy, x e 0B r , 3 = 1,2. 



dB r 



Note that 



Ri - R2|k 2 (as r ) < \\Si(E) - S2(E)\\ h 2( dB ^ x]L 2 



(dB r 



(3.1) 



(3.2) 



We recall that (see [15]) for any functions 4>i,4>2 € C(R d ), sufficiently regular 
in K d \ 9B r and satisfying 



-A<p + v(x)(f> = E<p, mR d \dB r , 
lim \x\^ ( ^-<t> - iVE<t) = 0, 

|a:|-H-oo \"FI / 

with v = v\ and v = V2, respectively, the following identity holds: 

(V2 - vi)<j)i4> 2 dx = 



(3.3) 



dB r 



091 _ u <Pl 

dv-L dv_ 



Rl — R; 



ih 



di 



(3.4) 



dx, 



where where v+ and i/_ are the outward and inward normals to <9J3 r , respec- 
tively. 
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Remark 3.1. The identity (|3.4j) is similar to the Alessandrini identity (see 
Lemma 1 of [1]), where the Dirichlet-to- Neumann maps are considered instead 
of operators Rj . 

To apply identity (|3.4p to our considerations, we use also the following 
lemma: 

Lemma 3.1. Let E,r > and d > 2. Then, there is a positive constant C-j 
( depending only on r and d ) such that for any (j> e C{W l \ B r ) satisfying 



-A(f> = E<f>, inR d \B r , 
lim |ar|T ( ^<p - iVEtf) = 0, 
4>\ dBr efl 1 )^), 



the following inequality holds: 



di 



dB r 



<C 7 (l + E)U\ dBr \\ Bl(dBr) 



L 2 (0S r ) 

where M}(dB r ) denotes the standart Sobolev space on dB r . 
The proof of Lemma 13. II is given in Section 8. 



(3.5) 



(3.6) 



4 Faddeev functions 

In dimension d > 3, we consider the Faddeev functions h, ip, G (see [TU], [IT] . 

m my- 

h(k,l) = (2Tr)- d [ e- ilx v{x)tp{x,k)dx, (4.1) 



(4.2) 



where k,l € C d , fc 2 = Z 2 , Imfc = ImZ ^ 0, 

ip(x, k) = e lkx + / G(x-y,k)v{y)iP(y,k)dy, 



G(x,k) = e ikx g(x,k), g(x, k) = -(2tt) 

where x € R d , fc € C rf , Im jfe ^ 0, d > 3, 

One can consider (|4.1j) . (|4.2I) assuming that 

v is a sufficiently regular function on M. d 
with suffucient decay at infinity. 



e + 2k^ 



(4.3) 



(4.4) 



For example, in connection with Theorem 12. 11 we consider (14.11) . (|4.2I) assuming 
that 

vE~L°°(B r ), v = Q onR\B r . (4.5) 
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We recall that (see [TO], [UJ, [13], [23]): 

(A + fc 2 )G(a;,fc) = <5(x), x € R d , k e C d \ R d ; (4.6) 

formula (|4.2I) at fixed fc is considered as an equation for 

rP = e ikx f i(x,k), (4.7) 

where p is sought in L 00 (R d ); as a corollary of (|42]> . (|4~3)l . (1L61) . -0 satisfies (|l~Tj) 
for E = k 2 ; h of (|4. 1 [) is a generalized "'scattering'" amplitude. 

In addition, /i, ^, G in their zero energy restriction, that is for E = 0, were 
considered for the first time in [3J. The Faddeev functions h, ip, G were, actually, 
rediscovered in [3] . 

Let 

Z E = {k eC d : k 2 = kl + ... + k 2 d = E} , 

E = {k £ E E , I G S £ : Imfc = ImZ}, (4.8) 
|fc| = (iRefcp + IImfcl 2 ) 1 / 2 . 



Let 



t> satisfy (£2), |M| m4 < iV, (4.9) 
v(p) = (2n)- d [e ipx v{x)dx, P eR d , (4.10) 



then we have that: 

p(x, k) -> 1 as \k\ ->• oo (4-11) 

and, for any cr > 1, 

+ |VAt(x,fc)| < cr for |fe| > \i(N,m,d,r,cr), (4.12) 

where x G E d , fe G 

u(p) = lim ft(jfe,Z) for any p G (4.13) 

(k,l) ee E , k - I = p 
Imfcj — |Im/| — > oo 

\v(p) - h(k,l)\ < Cl J^ d £)£ for(fc,Z)G9 £ , p = k-l, 



\Imk\ = \Iml\ = p, E + p 2 > X 2 (N,m,d,r), 

p 2 < 4(E + p 2 ). 



(4.14) 



Results of the type (|4. 1 1[) . (14.121) go back to [3J. For more information 
concerning (|4~T2t see estimate (4.11) of [T5], Results of the type (j4~T3]l . (|4T4]) 
(with less precise right-hand side in (I4.14[l ) go back to [T3J. Estimate (|4.14[) 
follows, for example, from formulas (|4.2I) . (14. ip and the estimate 

\\A- s g(k)A- s \\ h 2 {Rd) ^ h 2 {Rd) = OQk]- 1 ) 

( 4 - 15 ) 

as |fc| -> oo, /fee C d \R d , 

for s > 1/2, where g(k) denotes the integral operator with the Schwartz kernel 
g(x—y, k) and A denotes the multiplication operator by the function (l + jxj 2 ) 1 / 2 . 
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Estimate (|4. 1 5[) was formulated, first, in [TP. for d > 3. Concerning proof of 
glU), see [35]. 

In addition, we have that: 



(4.16) 



h 2 (k, I) - hi(k, I) = (2TT)- d J ip!(x, -l)(v 2 (x) - v x {x))i} 2 {x, k)dx 

for (kj) £ @ E , \lmk\ = \hnl\ ^ 0, 
and vi, v 2 satisfying f|4.4|) . 

and, under assumtions of Theorem 12. 1[ 

is- f -\ ~ t\ u ru n . u ru IV ^ c 2 (m,d,r)N\\v 1 - v 2 \\ h ^ {Br) 
\v 1 (p)-v 2 (p)-h 1 {k,l) + h 2 {k,l)\ < (E + p 2 ) 1 / 2 

for (k, I) £ &e, p = k—l, |Imfc| = |ImZ| = p, 
E + p 2 > \ 3 (N,m,d,r), p 2 <4(E + p 2 ), 

where hj, ipj denote h and tp of (|4.ip and (I4.2p for v = Vj, j = 1,2. 

Formula (|4TTE| was given in |25) . Estimate (|4.17p was given e.g. in [16] . 



(4.17) 



5 Proof of Theorem 12.1 

Let 



]L°°(R ) = {u£ L°°(R ) : \\u\\ M < +00}, 

= ess sup (1 + M >0. ^ 



(5.2) 



w e w m ' 1 (M d ) u) e L°°(R d ) n C(R d ), 



Note that 

IMU < c 3 (m, d)\\w\\ m> i for /i = m 
where W m '\ L£° are the spaces of ([Ojl . ([BTTjl . 

iB(p) = (2n)- d J e ipx w(x)dx, p £ R d . (5.3) 

Using the inverse Fourier transform formula 

w(x) = J e~ lpx w(p)dp, x £ R d , (5.4) 

we have that 

||«i-«2|k»(B r ) < SU P I / e^ lpx (v 2 {p) - vx(p)) dp\ < 

x ^ i (5-5) 
< h(n) + I 2 (k) for any k > 0, 

where 

Ji(k) = y |v2(p)-«x(p)|dP) 
IpI<« 

7 2 («) = y |u 2 (p) -«i(p)|dp. 
Ipl>« 



(5.6) 
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Using (|5.2[) , we obtain that 

|«a(p)-«i(p)| <2c 3 (m,d)iV(l + |p|)- m , p£l d . 

Let 

C4 = J dp. 

Combining (|5.6f) . (|5.7[) . we find that, for any n > 0, 

+00 

Ja(«) < 2c 3 (m,d)iVc4 



(5.7) 
(5.8) 



dt „ 2c 3 (m,d)Nc 4: 1 



fm—d+l 



- d K m ~ d ' 



(5.9) 



Due to (|4.17[) . we have that 



\h(p) - t>i(p)\ < \h 2 (k,i)-h 1 (k,i)\ + 



c 2 (m,d,r)N\\vi - v 2 ||]L°°(B r ) 



for (k, I) £ ®e, p = k — l, \Imk\ = \lml\ = p, 
E + p 2 > X 3 (N,m,d,r), p 2 <A{E + p 2 ). 



Let 



(5.10) 



(5.11) 



d<t>i dcj)i 




d(j>2 d(f>2 






L 2 (B,.) 


dv + di>- 


L 2 (S r 



5=\\Sf(E)-S+(E)\\ hH9BrXdBr) . 
Combining (|3T2"j) . (|3~4l and (gHU), we get that 

MM) -MM) I <<5 

(fc,Z) € 6b, |Imfc| = |ImZ| ^ 0, 
where 0j, j = 1, 2, denotes the solution of (I3.3[) with v — vj, satisfying 

4>j(x) = ipj(x, k) for x £ B r . (5.13) 
Using (JSU), (l4~T2j) and the fact that C^dBr) C H^&Br), we find that 



dv + dv_ 



L 2 (B r ) 



< ac 5 (r,d)(l + E) exp Mlmfe|(r + 1)J , 
fe G E E) \k\ > Ai (N,m,d,r,a), j = 1,2. 



(5.14) 



Here and bellow in this section the constant a is the same that in (|4.12l) . 
Combining (|5.12[) and (|5.14[) . we obtain that 

\h 2 (k, I) - h!(k, 01 < c\a 2 (l + E fe 2 ?^ 1 ^, 
for (fc, I) £ 6 E , p=\lmk\ = \Iml\, 
E + p 2 > Xf(N,m,d,r,a). 

Using (|5~T0)l . (|5~T5)) . we get that 

\V2 (p) -t>l(p)| < Cscr 2 (l + £) V( r+1 >£+ 

c 2 (m, d, r)AT||^i -t;2||L°°(Bi) 
(S + p 2 )V2 

p G K d , p 2 < i(E + p 2 ), E + p 2 > max{A 2 , A 3 }. 



(5.15) 



(5.16) 
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Let i ^ 

£= {2c 2 (mXr)Nc 6 ) > ^ = j *' ^ 

peR d ,|p|<i 

and \±{N, m, d, r,a) > be such that 

!E + p 2 > \f(N,m,d,r,a), 
E + p 2 >X 3 (N,m 7 d,r), (51g) 
(eCE + p 2 )*) 2 < 4(E + p 2 ). 

Using (|5TH)> . ([536]l . we get that 



k > 0, k 2 < 4(.E + p 2 ,, 
E + p 2 > \ 4 {N, m, d, r, <j). 

Combining ([Ojl . ((5^9|) . (|5~19| for k = e{E + p 2 )^ and (|538]> . we get that 



(5.19) 



~ «a|k-(fl P ) < c 7 (iV,TO,d,r,a)(l + i?) 2 /B+7e 2p(r+1) <5+ 

+c 8 (^,m,d)(S + ( o 2 )-T^ + i||w 1 -w 2 ||L-(i3 r ), ( 5 - 20 ) 
E + p 2 > \±(N,m,d,r,o). 

Let r' G (0,1), 

/3= 2^TT)' P = /?ln(3 + <5- 1 ), (5.21) 
and 5i = Si (N, m, d, a, r, r') > be such that 

46M) ^(*+PK» + n);S*W-».4'.*>. , (5.22) 

[E+(0\n. (3 + 5- 1 ))" < (1 + E) ( / 31n(3 + <5- 1 )) 2 , 

Then for the case when S G (0, <5i ) , due to (|5.20p . we have that 

glK ~ V2\\h°°(.B r ) < 

< c 7 (l + Ef (E + (/31n (3 + S- 1 )) 2 ) 1 (3 + r 1 ) <5+ 

+ C8 (£+(/?ln(3 + <T 1 )) 2 )~^ = (5.23) 

1 

= c 7 (l + £) 2 (E + (j3bx (3 + 5- 1 )) 2 ) 2 (1 + 35)^ T ' S r ' + 

+ c 8 (i?+(/31n(3 + ( 5- 1 )) 2 )^. 

Combining (|5.22p and (|5.23p . we obtain that for s G [0, s*], r G (0,r') and 
<5 G (0, Si) the following estimate holds: 

|h - «i|| Z o. (Br ) < c 9 (l + E)iS T + cio(l + E)^~ (In (3 + iT 1 ))" 8 , (5-24) 



where s* — and cg,cio > depend only on N, m, d, r, a, r' and r. 

Estimate (I5.24[) in the general case (with modified eg and cio) follows from 
(I5.24[) for S < 5i(N, m, d, ct, r, r') and and the property that 

IMIi/»(u r ) < c u (m,d)N. (5.25) 
This completes the proof of (|2.6[) 



6 Buckhgeim-type analogs of the Faddeev func- 
tions 

Let us identify R 2 with C and use coordinates z — x\ + 1x2, z — x\ — 1x2, where 
(xi 7 X2) G K 2 . Following [31]- [33], we consider the functions G Zo ,tp Zo ,tp Zo , Sh Zo 
going back to Buckhgeim's paper |6] and being analogs of the Faddeev functions: 

_ p \(z~z f 

B r 

^z {z, A) = e^-^ 2 + [ G Z0 (z, C, A)«(C)^ (C, A) dReC rflmC, 



i; Z0 (z,\) = e A ^ z °> + I G Z0 (z,C,A)«(C)^ (C,A)dReCdImC, 

(6.1) 



B, 



c (zCX) - 1 f e ^ Z " ] +X{ ^ o) 'dRevdlm V Mz _ Zn) ^- xrc _ z - n? 
Zo{ ' C ' A) ~ W (Z-V)(f}-C) ' (6.2) 



z — x\ + ix 2 , z e B r , A e C, 

where w satisfies (|2.7p ; 
Sh Zo (X) = / -0 Zo4 (z,-A)(v 2 (2 : )-wi(z))i/'2o,2(2,A)dRezdImz, A G C, (6.3) 



3 r 



where Ui, «2 satisfy (|2.7p and ipz a ,i, "0z o ,2 denote -0z o , ipz °f (ED f° r u = f 1 
and v = V2, respectively. 

We recall that (see [5T ] . [52" ] ): 



• The function G ZQ satisfies the equations 

. d 2 



dzdz 
. 9 



G Z0 (z,C,\) = 6(z-Q, 



(6-4) 



where z, zq, £ G B ri A G C and 5 is the Dirac delta function; 

• Formulas (I6.1[) at fixed zo and A are considered as equations for ip Zo , tj) Zo 
mL°°(B r ); 

• As a corollary of (|6.1[) . (|6.2|) . (I6.4[) . the functions V'zoj V% satisfy (|1.1[) in 
B r for £ = and d = 2; 

• The function Sh Zo is similar to the right side of (I4.16[) . 
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Let potentials v, Vi,v 2 G C 2 (B r ) and 

IMIc»(fl r ) < JV, ||^|| c2( 5 r) <iV, j = 1, 2, 

5 (6-5) 

(vi - v 2 ) \dB T = 0, ^-(wi - V2) as r = 0, 

then we have that: 

1 p zo (z 1 X)=e^-^ 2 ^ (z 1 X), A (z,\) = e x ^^ 2 jl Z0 (z 1 \), (6.6) 

fi Zo (z, A) 1, pi Zo (z,A)^l as |A| ->• oo (6.7) 
and, for any <r > 1, 

\fi Zo (z,X)\ + |V/i Zo (z,A)| < a, (6.8a) 

|/I i0 (z,A)| + |V^ (z,A)| <<r, (6.8b) 
where V = (8/8x1,8/8x2), z = x\ + 1x2, z n 6 B r , A e C, |A| > pi(N, r, a); 



v 2 (z ) - vi(z ) = lim -\X\Sh Zo (X) 

A— >oc 7T 

for any zq £ B r , 



v 2 (z ) - vi(z ) \\\Sh ZQ (X) 

7T 



< 



c 12 (N,r) (ln(3|A|)r 



(6.9) 



(6.10) 



|A|3/4 

for z G B r , |A| > P2 (N,r). 

Formulas (16. 6|) can be considered as definitions of /x Zo , jii Zo . Formulas $£7$, 
were given in [21] , [22] and go back to [B] . Estimates (|6.8[) were proved in [TS] . 
Estimate (|6.10p was obtained in [51] , |34| . 



7 Proof of Theorem E21 

We suppose that V%,i('i — tyzofii'i A), 5h Zo (X) are defined as in Section 6 but 
with i>j — i? in place of w 3 , j = 1, 2. Note that functions ip Zo ,i(') — A), ipz ,2{', A) 
satisfy (ll.ip in i3 r with v — Vj, j — 1, 2, respectively. We also use the notation 
N E = N + E. Then, using (|630|) . we have that 



v 2 (z ) - Vi(z ) \X\5h Zo (X) 

TT 



< 



c 12 (N E ,r) (ln(3|A|)) 2 
|A|3/4 

for z e B r , |A| > p 2 {N E ,r). 



Let 



S = \\S+(E) - S+(E)\\ h 2 (dBrXdBr) . 
Combining (j3T2"j) . (|3~4l and we get that 

l*MA)|<a 

(M) G 8b, |Imfc| = |ImZ| ^ 0, 
where 0j, j = 1, 2, denotes the solution of (I3.3[) with v — vj, satisfying 
01 (a;) = V> Zo ,i(x, -A), 4> 2 (x) =ip ZOt2 (x,X), for x G S r . 



901 901 




902 


902 




9^+ 9^_ 


L 2 (S r ) 


8u + 


9^_ 


L 2 (B, 



(7.1) 



(7.2) 



(7.3) 



(7.4) 
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Using 



dv+ dv- 



and the fact that ^(dBr) c W 1 (dB r ), we find that: 
< ac 13 (r)(l + £) exp ( |A|(4r 2 + 4r) ) , 



L 2 (B r ) 



(7.5) 



AeC, |A| >pi(N E ,r,a), j = l,2. 



Here and bellow in this section the constant a is the same that in (|6.8p 
Combining (|7.3I) . (|7.5|l . we obtain that 



|^o (A)| < c u (E, r, a) exp (JA|(8r 2 + 8r)J 5, 
AeC, |A| > Pl (N E ,r,a). 

Using (fTTT]) and ([715]) . we get that 

\v 2 (z ) - Vi(zq)\ < c u (E,r,a) exp (|A|(8r 2 + 8r) )S+ 



(7.6) 



ci 2 (N E ,r) (ln(3|A|)) 2 

|A|3/4 

z e B r , AeC, |A| > pz{N E ,r,a) = max{pi,p 2 }- 
We fix some r e (0, 1) and let 
1 - T 



(7.7) 



A = /31n(3 + r 



8r 2 + 8r 

where 5 is so small that |A| > p%{N El r, a). Then due to (I7.7[) . we have that 
IK - «2|k-(B P ) < cu(E, r, a) (3 + S -if iSr2+8r) 6+ 



(7.8) 



■ Ci 2 (N E ,r 



(In (3/3 In (3 + r 1 )))' 
(^ln(3 + 5" 1 )) i 

l-T 



c 14 ( J B,r,a)(l + 3(5) 1 <T+ 



(7.9) 



+ c 12 (7V E ,r)/3-i 

where r, /3 and 5 are the same as in (|7.8I) . 
Using (I7.9[) . we obtain that 



2 (ln(3/31n(3 + (5- 1 ))) 1 



(In (3 + J- 1 ))' 



\\vi-v 2 \\ h ~ (Br) < c 15 (N,E,r, a) (In (3 + S- 1 )) 4 (in (3 In (3 + (T 1 ))) 2 (7.10) 

for (5 = HjSj (E 1 ) — S2(E)\\i J 2( dBrXdBr - ) < 5 2 (N E ,r,a), where S 2 is a sufficiently 
small positive constant. Estimate (|7. 10[) in the general case (with modified C15) 
follows from (|7.10[) for (5 < 5 2 (N E ,r,cr) and the property that \\v j ||iL°°(B r ) < N. 
This completes the proof of (I2.8P . 



8 Proof of Lemma 13.11 

In this section we assume for simplicity that r = 1 and therefore dB r = 



12 



We fix an orthonormal basis in h 2 (dB r ): 



{/jp : i > 0; 1<p< Pj }, 

fj p is a spherical harmonic of degree j , 



where pj is the dimension of the space of spherical harmonics of order j, 
Pj 



j + d-1 
d-1 



j + d-3 
d-l 



where 



and 



n(n - 1) • • • (n- k + 1) 
k\ 



for n > 



= for n < 0. 



(8.2) 

(8.3) 
(8.4) 



The precise choice of fj p is irrelevant for our purposes. Besides orthonormality, 
we only need fj P to be the restriction of a homogeneous harmonic polynomial 
of degree j to the sphere dB r and so |a;| J /^j, (a:/ ) is harmonic pn M. . In the 
Sobolev spaces H s (dB r ) the norm is defined by 



c jpfjp 



:i-i> 



2s| |2 



(8.5) 



H s (SB r ) 



The solution (f> of the exterior Dirichlet problem 

-A(j> = E<f), mM. d \B r , 

lim t (^-^) =0, 

^las,. = «GH x (as r ), 
can be expressed in the following form (see, for example, [1], [5]) 

(f> = c jp4>jpi 



(8.6) 



(8.7) 



where Cj P are expansion coefficients of u in the basis {fjp ■ j > 0; 1 < p < pj}, 
and 

<^j P denotes the solution of (18.61) with it = fj p , 
<j>j p {x) = hjp(\x\)f jp (x/\x\), 

d ^H^(VE\x\) ( 8 - 8 ) 



l 3P\ 



where is the Hankel function of the first kind. Let 



tfJx) = \x\-i- d+ *f jp {x/\x\). 



Note that 4$ is harmonic in ~R d \ {0} and 



' 3P 

lim | re | 

\x\— >+oo 



d- 3 



> 0. 



(8.9) 



(8.10) 
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Using the Green formula and the radiation condition for (j)j p , we get that 



E(j) jp (j) Jp dx = / (A^p^-p - A<j) jp $ p ) dx = 



dcj>' 



3V 



3P Afi 



df4 



"OP 



ax tor j H — > 0. 



(8.11) 



dB r 



Due to (EJ§ and ([879]) , we have that 



0B r 



(j + d-2) I fUx= j + d-2. 



(8.12) 



dB r 



Using also the following property of the Hankel function of the first kind (see, 
for example, [55]): 

\H^\x)\ is a decreasing function of x for x G M+, (8.13) 

we get that 



(j)j P 4>° jp dx 



t-3-i J +~ * 



t-J-^hjpify^dt 



H 



(i) 



J+ 1 



(V£) 



1 

+oc 

/" t-i-idt = 



< 2 



for j H — > 0. 



(8.14) 



Combining (|8T8"]) . (j83|) . (|8~TT|) . f8~T2l) and (|8~T4]) . we obtain that 



hUr) 



hjp(r) 



< j+d-2 +2E for j + 



d- 3 



> 0. (8.15) 



Let consider the cases when j + < 0. 



Case 1. j = 0, d = 2. Using the property dH^\t)/dt = -H^ty), we get that 

(8.16) 



We recall that functions H^p and have the following asymptotic forms 

(see, for example [35]): 



H o 1] (t) ~ — ln(t/2) as * +0, 
H^\t)~ X [^e^-*l^ as t^+oo, 



2/ 



(t) ~ - i (2 /t) as * -)• +0, 

7T 



(8.17) 
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Using (|8.13[) and (|8.17[) , we get that for some c > 



< c(l + l/t). 



Combining (f8TT6|) and (f87T8|) . we obtain that for j = 0, d = 2 

>4M 



Case j = 0, d — 3. We have that 



< c(l + VI). 



i(t-jr/2) 



Using and (15^0)) . we get that for j = 0, d = 3 



■1 + iVs. 



(8.19) 



(8.20) 



3.21) 



Combining 
stant c' = c'(d) > 



(pTL5l) , and ([g^TT]) . we get that for some con- 



E- 



Zi'Jr) 



<c'(l + £) 2 ^(l+i) 2 4 



3.22) 



Using ([53]) and §£22}, we obtain l[5^jl 
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